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Abstract 

Let D — (V(D),A(D)) be a digraph and k > 2 an integer. We say that 
D is fc-quasi-transitive if for every directed path (vq, v\, . . . , Vk) in D, then 
(vo,Vk) £ A(D) or (vk,Vo) 6 A(D). Clearly, a 2-quasi-transitive digraph is 
a quasi-transitive digraph in the usual sense. 

Bang- Jensen and Gutin proved that a quasi-transitive digraph D has a 3- 
king if and only if D has a unique initial strong component and, if D has a 3-king 
and the unique initial strong component of D has at least three vertices, then D 
has at least three 3-kings. In this paper we prove the following generalization: 
A fc-quasi-transitive digraph D has a (fc + l)-king if and only if D has a unique 
initial strong component, and if D has a (fc+ l)-king then, either all the vertices 
of the unique initial strong components are (fc + l)-kings or the number of 
(fc + l)-kings in D is at least (fc + 2). 

Keywords: digraph, fc-king, quasi-transitive digraph, fc-quasi-transitive 
digraph 
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1. Introduction 

We will denote by D a finite digraph without loops or multiple arcs in the 
same direction, with vertex set V(D) and arc set A(D). All walks, paths and 
cycles will be considered to be directed. For undefined concepts and notation 
we refer the reader to [l[ and 

We say that a vertex u e V(D) dominates a vertex v £ V{D) if (u,v) £ 
A(D), and denote it by u — >• v; consequently, u -fa v will denote that (u,v) £ 
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A(D). The out-neighborhood N + (v) of a vertex v is the set {u € V^(-D): w — ► u}. 
The out-degree d + (v) of a vertex w is defined as d + (v) = \N + (v)\. Definitions 
of in-neighborhood and in-degree of a vertex u are analogously given. The max- 
imum (resp. minimum) out-degree (resp. in-degree) of a vertex in D will be 
denoted by (resp. A^). If < H> = (xq, Xi, . . . , x n ) is a walk and there are 
integers i and j such that < i < j < n, then XiiSxj will denote the subwalk 
(xi, Xi + i, . . . , Xj-i, Xj) of ^ . Union of walks will be denoted by concatenation 
or with U. 

A digraph is strongly connected (or strong) if for every u, v £ V(D), there 
exists a uu-path. A strong component (or component) of D is a maximal strong 
subdigraph of D. The condensation of D is the digraph D* with V(D*) equal 
to the set of all strong components of D, and (S,T) € A(D*) if and only if 
there is an ST-arc in D. Clearly D* is an acyclic digraph (a digraph without 
directed cycles), and thus, it has vertices of out-degree equal to zero and vertices 
of in-degree equal to zero. A terminal component of D is a strong component T 
of D such that d^*(T) = 0. An initial component of D is a strong component 
S of D such that d D , (S) = 0. 

A semicomplete digraph is a digraph D in which, for every pair of vertices 
x, y E V(D), (x, y) G V{D) or (y, x) E V(D). 

For u,v S F(D), the distance dn(u,v) from u to v is the length of the 
shortest uw-path, and in the case there is no uu-path in D, then d(u, v) = oo. 
By the definition, d(v,v) = 0. For a positive integer fc, a vertex o of fl is a 
k-king if d(v,u) < r for each it € V(.D); a fcing is a 2-king. Kings were first 
studied by Landau in [13], where he proved that every tournament has a king. 
A direct consequence of this result is the following. 

Theorem 1.1. Every semi-complete digraph has a 2-king. 

Since their introduction, A:-kings in digraphs have been widely studied. It was 
proved, independently in [8| and [13[ , that every m-partite tournament without 
vertices of in-degree zero has a 4- king. Also, in [lOj], it is proved that an Tri- 
partite tournament without vertices of in-degree zero has at least four 4-kings, if 
m = 2 and at least three 4-kings if m > 2. The result for the bipartite case was 
improved in [ll| : every bipartite tournament without vertices of in-degree zero 
and without 3-kings has at least eight 4-kings. Other results about /c-kings in 
multipartite tournaments and semicomplete multipartite digraphs can be found 

A digraph D is k- quasi-transitive if the existence of a ww-path of length k 
implies u — > v or v — > u. A quasi-transitive digraph is a 2-quasi-transitive di- 
graph. The family of A:-quasi-transitive digraphs was introduced in Besides 
the recursive structural characterization of quasi-transitive digraphs given in 
[2], strong 3-quasi-transitive digraphs were characterized in also, the inter- 
action between strong components of a 3-quasi-transitive digraph is completely 



described in [16( . These results were used in [6( to prove that a 3-quasi-transitive 
digraph has a 4- king if and only if it has a unique initial component. 
In [3], Bang- Jensen and Huang proved the following result. 
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Theorem 1.2. Let D be a quasi-transitive digraph, then we have: 

1. D has a Z-king if and only if it has a unique initial strong component. 

2. If D has a 3-king, then the following holds: 

(a) Every vertex in D of maximum out-degree is a 3-king. 

(b) If D has no vertex of in- degree zero, then D has at least two 3-kings. 

(c) If the unique initial strong component of D contains at least three 
vertices, then D has at least three 3-kings. 

Although no characterization is known for fc-quasi-transitive digraphs with 
k > 4, in Q some structural results were obtained and used to prove, for 
instance, that for every even positive integer k, a fc-quasi-transitive digraph has 
a (fc + l)-king if and only if it has a unique initial strong component, generalizing 
the first statement of Theorem 11.21 

This work has three main objectives. First, to complete the generalization 
mentioned in the previous paragraph, that is, to prove that for an odd integer 
fc > 5, a fc-quasi-transitive digraph has a (fc + l)-king if and only if it has a 
unique initial component, hence obtaining the following theorem. 

Theorem 1.3. Let k > 2 be an integer and D a quasi-transitive digraph. Then 
D has a (fc + I) -king if and only if it has a unique initial strong component. 

Second, we will prove a result analogous to (a) of the second statement of 
Theorem 11.21 In general it is not true that if a fc-transitive digraph D has a 
(fc + l)-king, then every vertex in D of maximum out-degree is a (fc + l)-king; 
consider for example the 4-transitive digraph D4 with vertex set {v±, v%, V3, U4} 
and arc set {(vi, v 2 ), (v 2 , v 3 ), (v 2 , v±), (v 3 , w 4 ), (v&, v 3 )}. Clearly, v\ is the only 
5-king of D4, but the vertex of maximum out-degree is v 2 . Despite this fact, 
if we restrict our search to the unique initial component of D, we obtain the 
following results. 

Proposition 1.4. Let k > 2 be an even integer and D a fc- quasi-transitive 
digraph with unique initial strong component C . Ifv £ V(C) and > d + (v) > 
Aq(v) — k, then v is a (fc + l)-king of D. 

Proposition 1.5. Let k > 3 be an odd integer and D a fc- quasi-transitive 
digraph with unique initial strong component C . Ifv £ V(C) and A ~q > d + (v ) > 
^c( v ) ~ ^T^"» then v is a (fc + l)-king of D. 

Third, as it is usual in the study of fc-kings, we will calculate a lower bound 
for the number of (fc + l)-kings in a fc-transitive digraph with a unique initial 
component. Also, for a fc-quasi-transitive digraph we will give sufficient con- 
ditions for the existence of: 3-kings, for even values of k and 4-kings, for odd 
values of fc. Our main results are contained in the following theorems. 

Theorem 1.6. Let k > 4 be an even integer and D a k- quasi-transitive digraph 
with a unique initial strong component C . Then at least one of the following 
statements holds: 

1. Every vertex in C is a (fc + l)-king. 
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2. There are at least one king and at least two 3-kings in D. 

Theorem 1.7. Let k > 3 be an odd integer and D a k- quasi-transitive digraph 
with a unique initial strong component C . Then at least one of the following 
statements holds: 

1. Every vertex in C is a (k + l)-king. 

2. If no vertex in C is a 3-king, then there are at least four 4-kings. 

The structure of the present work is the following. In Section[2]the necessary 
technical results for the rest of the paper are proved; some of this results are 
interesting on their own, mainly because they shed some light on the structure 
of fc-quasi-transitive digraphs. Section [3] has as cornerstones Propositions 11.41 
and 11.51 once these propositions are proved, we focus on the distribution of 
(k + l)-kings in a fc-quasi-transitive digraph with a unique initial component, 
which will help us in the next section. In Section [4] the results of Section [3] are 
used to prove Theorems 11.61 and 11.71 an improvement on the minimum number 
of 3-kings in quasi-transitive digraphs is given. At last, in Section [SJ we use our 
results to prove true a conjecture stated in 0: If k > 3 is an odd integer, then 
every /c-quasi-transitive digraph has a (k + 2)-kernel. 

2. Basic Tools 

The following lemmas are proved in Q. 

Lemma 2.1. Let k G N be an even natural number, D a k- quasi-transitive 
digraph and u,v G V(D) such that a uv-path exists. Then: 

1 . // d{u, v) = k, then d(v, u) = 1 . 

2. If d(u,v) = k + 1, then d(v,u) < k + 1. 

3. // d(u, v) > k + 2, then d(v, u) = 1 

Lemma 2.2. Let k G N be an odd natural number, D a k- quasi-transitive 
digraph and u, v G V(D) such that a uv-path exists. Then: 

1. If d(u,v) = k, then d(v,u) = 1. 

2. Ifd(u,v) = k + 1, then d(v,u) < k + 1. 

3. If d(u, v) = n > k + 2 with n odd, then d(v, u) = 1 

4. If d(u. v) = n > k + 3 with n even, then d(v, u) < 2 

The next result is a simple, yet very useful, consequence of Lemmas 12.11 and 

1531 

Lemma 2.3. Let k > 2 be an integer and D a k- quasi-transitive digraph. If S\ 
and S2 are distinct strong components of D such that S\ reaches S2 in D, then 
St k ^ S 2 . 

Proof. Since Si and £2 are distinct strong components of D and S± reaches S%, 
then S2 cannot reach Si. Let u G V(S\) and v G V(S2) be arbitrarily chosen. If 
d(u, v) > k, then Lemma [2.11 or [2~2l depending on the parity of k, implies that 
v reaches u, contradicting the previous observation. Hence, d(u, v) < k — 1. □ 
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We now propose some structural properties analogous to those proved by 
Bang- Jensen and Huang for quasi-transitive digraphs. 

Lemma 2.4. Let k > 2 be an integer and D a k-quasi-transitive digraph. If 
P = (uq, Hi, ... , itfc+i, u/c+2) is a uoUk+2-path of minimum length, then u k +2 — > 
Uk—i for every odd i, 1 < i < k. 

Proof. By induction on i. It follow from Lemmas 12.11 and 12.21 that u k +2 uq. 
Clearly, (u k +2,Uo) U (u^Puk-i) is a Ufc + 2itfc_i-path of length fc, and thus, the 
fc-quasi-transitivity of D implies that Uk+2 u k -i or u k -i — > u k +2- But 
d(uo,Uk+2) — k + 2, hence Uk-i 7^ Uk+2 and therefore u k +2 — ► u-k-i- 

For the inductive step, let us suppose that u k +2 Uk-m for some odd integer 
1 < m < k - 2. Clearly, (u k+2 , u k - m ) U (u k - m Pu k ) U (u k ,u ) U {u Pu k _( m+2 )) 
is a itfc+2Wfc_( m+ 2)"P a th of length 2 + fc — (fc — m)-\-k— (m + 2) = fc. The fc-quasi- 
transitivity of D implies that u k+2 -> Ufe_( m+2 ) or u k -( m +2) -> "fc+2- Again, 
d(-u ,'«fc + 2) = fc + 2 and thus, u fe _( m+2 ) Wfc +2 . Hence, u fc+2 -> u fe _( m+2 )- 

The result now follows from the Principle of Mathematical Induction. □ 

Lemma 2.5. Let k > 2 be an integer and D a k-quasi-transitive digraph. If 
P = (uq, U\, ... , Mfc+i, Mfe+2) is a uou k +2-pa,th of minimum length, then u k +\ — > 
Uk-i for every even i, 2 < i < fc. 

Proof. By induction on i. It follow from Lemmas 12.11 and 12.21 that u k +2 uq. 
Clearly, (u k +\, u k +2, no) U (uoPufc-2) is a Ufc+iitfc_2-path of length fc, and thus, 
the fc-quasi-transitivity of D implies that u k +\ Uk-2 or u k -2 — > u k +\. But 
d{uo,u k+ 2) = fc + 2, hence Ufc_2 7^ u-k+i an d therefore Wfc+i — > u k ^2- 

For the inductive step, let us suppose that u k +\ — > u k ^ rn for some even inte- 
ger 2 < m < fc-2. Clearly, (u k +i, u k ^ m )U(u k ^ m Pu k )U(u k , u )U(u Pu k ^ (m+2 -)) 
is a Mfe+iMfe_( m+ 2)-path of length 2 + fc — (fc — m) + k— (m + 2) = fc. The fc-quasi- 
transitivity of D implies that u k+ i — > u k _( m+2 ) or u k-{m+2) ~* u k+i- Again, 
d(u ,u k+2 ) = fc + 2 and thus, u k _ {m+2 ) +S u k+1 . Hence, u k+1 -> u fe _( m+2 ). 

The result now follows from the Principle of Mathematical Induction. □ 

Lemma 2.6. Let k > 2 be an even integer and D a k-quasi-transitive digraph. If 
P = (uq, Ui, ... , u k +i, ^+2) is a uoUk+2-path of minimum length, then u k +2 — > 
Uk-i for every < i < fc. 

Proof. It has been proved in Lemma 12.41 that Uk+2 u k —i for every odd i, 
1 < i < k — 1. For the remaining cases, we will proceed by induction on i for 
even < i < fc. It follows from Lemma 12.41 that u k +2 ^fc-(fc-i) = and 
thus (u k +2,ui) U (u\Pu k ) is a Wfc+2Wfc-path of length fc and hence u k +2 — > Wfc 
or u/c — > Ufc+2- But d[uQ,u k +2) = k + 2, thus, Ufc+2 and thence itfc+2 — ► 

Ufe. Also, (u fc+2 ,u fc ,M ) U (u Pu fc _ 2 ) is a w fc+2 Wfc-2-path of length fc. Again, 
Ufc+2 — > u k -2 or Wfe_2 — > Uk+2, but the choice of P of minimum length implies 
that Uk+2 -> 

If Mfc+2 - > Uk-m for even m, 4 < to < fc — 2, it is clear that (ufc + 2, u&_ m ) U 
(uk- m Puk) U (u k ,u ) U (u Pufe_( m +2)) is a u fc+2 u fe _( m+ 2)-path of length 2 + 
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fc — (fc — m) + k — (m + 2) = fc. The fc-quasi-transitivity of D and the choice of 
P imply that u k+2 -> it fe _( m+2 ). 

The result now follows from the Principle of Mathematical Induction. □ 

The last results of this section are our main tools to prove the existence of 
a (fc + l)-king in a fc-quasi-transitive strong digraph, and hence, in an arbitrary 
fc-quasi-transitive digraph with a unique initial strong component. 

Lemma 2.7. Let k > 2 be an even integer and D a k- quasi-transitive digraph. 
If P = (u = uq, ut, . . . , Ufe+i, Mfe+2 = v) is a uv-path of minimum length, then 
d+{v) > d+(u) + k. 

Proof. Lemma [2~T1 implies that v — > u. First, suppose that k = 2. If w G N + (u), 
then (v, u, w) is a path of length 2 in D, but D is 2-quasi-transitive, thus, v — > w 
or w — > v. But d{u, v) — k + 2 = 4, hence w -fa v, otherwise (u, w, v) would be a 
uu-path in D shorter than P, resulting in a contradiction. Therefore, v — > w and 
N + (u) C Ar + (i;). Lemma |2~B1 implies that t> — » U2 and we have already observed 
that i> — ¥ u. But the choice of P of minimum length implies that u -/> u 2 and 
D is loopless, so u /> «. We conclude that d + {v) > d + (u) + 2 = d + {u) + k. 

If k > 4, then Lemmas I2.6I and 12. II imply v — > U3 and u k — > u, respectively. 
Thus, if w G N + (u), we can consider P' = (v, M3) U {u^Puk) U {uk,u, w). Since 
w Ui for 2 < i < fc, P' is a path of length fc in P, thus i> — > w or w —> v. Again, 
d(u, v) = fc + 2, from where we can derive w -ft v. Hence N + (u) C N + (v). Once 
again, it follows from Lemma [2.61 that v — » Ui for every < i < k. Also, the 
choice of P as a uv-path of minimum length and the fact that P is loopless 
imply that u 7^ U* with i € {0, 2, 3, ... , fc}. Thence, > d + (u) + k. □ 

Lemma 2.8. Let k > 3 be an odd integer and D a k- quasi-transitive di- 
graph. If P — (uq, Ui, . . . , Uk+i, Uk+2) is Ou uoUk+2-path of minimum length, 
then d+(u k +i) >d+(u ) + ^-. 

Proof. Lemma |2 . 1 1 implies that {uk+2,Uk} — > uq. If w £ N + (uo), then w ^ itj 
for every 2 < i < k + 2. 

If k = 3, then (uk.+i, Uk+2, Uo, w) is a Ufc+iiy-path of length 3. The fc-quasi- 
transitivity of P and the minimality of length of P imply that Uk+i — > u> and 
hence, A r+ (u ) C iV + (tifc-j_i). Also, Ufc + i — > Ufe+2 but uo 7^ w^+2, therefore 
dW+i) > d+(u ) + 1 = d+(u ) + 

Now, we can assume that k > 5. Lemma 12.51 gives us itfc+i — » u^-i for 
every even i such that 2 < i < fc, and hence, u^+i — > U3. So, we can consider 
the Ufc+iw-path (ufc+i,U3) U (u^Puk) U (uk,ua,w) of length fc. The fc-quasi- 
transitivity of P together with the choice of P imply that m^+i —j> w, therefore 
N+(u )CN+(u k+ i). 

Since fc is an odd integer, then Uk+i — > Ui for every odd i such that 3 < 
i < fc — 2. Also, — > Ufe + 2- Recalling that P is a MoMfe+2-path of minimum 
length, we can conclude that uq -f^ Uj for every j > 2. Hence d + (itfc+i) > 
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Lemma 2.9. Let k > 2 be an even integer and D a k- quasi-transitive digraph. If 
P = (uq, Ui, . . . , Mfc+2) is a uoUk+2-path of minimum length in D, then Uk+2 — > 
w for every w G V{D) such that d(uo, w) < k. 

Proof. By Lemma l2.61 Uk+2 Ui for every < i < k. In particular, Uk+2 — *■ uq, 
so we can consider w G 1^(1?) such that < d(uo,w) — n < k and P' = 
(uq, Wi, u>2, ■ ■ ■ , w n = w) a Mow-path realizing the distance between uq and w. 

If k ^ 2 and n < k - 2, then I¥ = (w fc+2 , w„+2) U (u n+2 Pu k ) U (ufc,u ) U 
(uqP'w) is a it/j + 2W-walk of length /c. But d(uo,w) = n and d(ito,a;) > n for 
each x G y(M n +2-Piifc)- Hence, V(uq-P'w) H V(u„+2Pwfe) = and W is a 
Ufe +2 u>-path of length k. If n = k — 1, then (uk+2, uo) U (uqP'w) is a Mfc+ 2 "u;-path 
of length k £ D. If n = fc, then, by the previous cases, Wfc+2 - ► »i and thus 
(ufc+ 2 ,u>i) U (wiP'w) is a Ufe+2W-path of length fc. 

We have already shown that if d(uo, w) < k, then a Wfc+2U>-path of length fc 
exists in D. Since D is /c-quasi-transitive, we have that Uk+2 -* » or «n Uk+2- 
But d(zto, Uk+2) — k + 2, hence w -/> Uk+2 and therefore Uk+2 —tw. □ 

Lemma 2.10. Let k > 3 be an odd integer and D a k- quasi-transitive digraph. If 
P = (uo, Hi, ... , Uk+2) is a UQUk+2-path of minimum length in D, then Uk+2 — > 
w for every w G V(D) such that d(uo, w) = n < k — 1, with n even. 

Proof. It follows from Lemma 12.41 that Uk+2 Ui for every even i such that 
< i < k. In particular, Uk+2 Uq, so we can consider w G V(D) such that 
< d(uo,w) = n < k, n even and P' — (uo,wi,ui2, ...,w„ = w) a uo^-path 
realizing the distance between uo and w. 

If k ^ 3 and n < k - 3, then W — {uk+2 1 u n +2) U (u n +2Puk) U (uk,u ) U 
(uqP'w) is a iifc+2W-walk of length k. But ci(iio, w) = n and <i(xio, x) > n for each 
a; G V^(ii„ +2 Pufc). Hence, F(uo-P'w)nT^(ii„ +2 Pufc) = and is a Ufe +2 w-path 
of length k. If n = k — 1, then (tife + 2,uo) U (uqP'w) is a u^^^-path of length 
fc in D. 

So, if d(uo,w) is even and less than or equal to k, then a itj, +2 u; -P £l th of 
length fc exists in D. Since D is fc-quasi-transitive, we have that Uk+2 ~^ w or 
w — > Uk+2- But d(uo,Mfc+2) = k + 2, hence u> 7^ Mfc+2 and therefore Uk+2 — > 
to. □ 

3. Existence Results 

We begin this section proving that, for every integer k > 2, every fc-quasi- 
transitive strong digraph has a (k + l)-king. It is important to remark that our 
result is not merely existential, we describe which vertices of the digraph are 
(fc + l)-kings. 

Lemma 3.1. Let k > 2 be an even integer and D a k- quasi-transitive strong 
digraph. If v G V(D) is such that > d + (v) > A^ — k, thenv is a (k+l)-king. 

Proof. Let v G V(D) be arbitrarily chosen such that > d + (v) > A J — k. 
Since D is strong, if v is not a (k + l)-king, there must exist u G V(D) such that 
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d(v,u) = k+2. But LemmaETTl gives us d + (u) > d + (v)+k > (A^-fc)+fc = A J, 
which results in a contradiction. Since the contradiction arose from assuming 
that v is not a (fc + l)-king, it must be the case that v is a (fc + l)-king. □ 

Lemma 3.2. Let k > 3 be an odd integer and D a k-quasi-transitive strong 
digraph. If v £ V(D) is such that A^ > d + (v) > A^, — then v is a 

(k + I) -king. 

Proof. Let v £ V(D) be arbitrarily chosen such that A J > d+(v) > A J - 
Since D is strong, if v is not a (fc + l)-king, there must exist u G V'(D) such 
that d(v, u) — k + 2. Let (w = uq, u\, . . . , Uk+x, Uk+2 — u) be a path in D. But 
LemmaEUgives us > d+(v) + > (A+ - ^fi) + = A+, which 

results in a contradiction. Since the contradiction arose from assuming that v 
is not a (fc + l)-king, it must be the case that v is a (fc + l)-king. □ 

We are now ready to prove Propositions 11.41 and 11.51 Again, we do not 
simply prove the existence of (fc + l)-kings in a fc-quasi-transitive digraph D, 
we observe that through a simple exploration of the out-degrees of the initial 
component of D, we can easily find such (fc + l)-kings. As a matter of fact, since 
constructing the condensation of D can be done in linear time, a (fc + l)-king 
can be found in linear time in a fc-quasi-transitive digraph. 

Proof of Proposition]! 4\ Let v e V(C) be such that Aj > d + (v) > Aj(u) - fc. 
By Lemma l3~T| v is a (fc + l)-king of C. Recalling that every strong component 
of D must be reached by some initial strong component and C is the unique 
initial strong component, Lemma 12.31 implies that v is a (fc + l)-king of D. □ 

Proof of Provosition \1.5\ Let v e V(C) be such that Aj > d + (v) > A£(u) - 
^p. By Lemma [3.21 v is a (fc + l)-king of C. Recalling that every strong 
component of D must be reached by some initial strong component and C is 
the unique initial strong component, Lemma 12.31 implies that v is a (k + l)-king 
of D. □ 

Now, we get as an immediate consequence Theorem 11.31 

Proof of Theorem \1.S\ . The non-trivial implication is a direct consequence of 
Propositions 11.41 and 11.51 □ 

Now we know that every fc-quasi-transitive digraph D has a (fc + l)-king, we 
can analyze how this kings arc distributed through the unique initial component 
of D. This analysis will also help us to find sufficient conditions for the existence 
of 2, 3 and 4- kings in a fc-quasi-transitive digraph. 

Theorem 3.3. Let k > 2 be an even integer and D a k-quasi-transitive digraph. 
If v £ V(D) is a (fc + 2)-king and u S V(D) is such that d(v, u) = k + 2, then 
u is a 3-king of D. Moreover, if w G A(D) is such that d(u,w) — 3, then 
d(v, w) = k + 2 and w is also a 3-king. 
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Proof. Let v E V(D) be a (k + 2)-king of D and u E V(D) such that d(v, u) = 
k + 2. It follows from Lemma [2.91 that u — > w for every w E V(D) such that 
d(v,w) < k. Let Wk+i be a vertex such that Wk+i u and d(v,Wk+i) = k + i, 

< i. Since u is a (fc + 2)-king, i E {1, 2}. Let P — (v, w±, . . . , Wk+i) a vwk+i- 
path realizing the distance from « to Wk+i- By the choice of P, d(v, Wk) = k, so, 
Lemma 12.91 implies that u — > Wk, hence, (it, Wk) U (wkPwk+i) is a path of length 

1 + 1 < 3. Thus, d(u, w) < 3 for every u> E ^(D), concluding that u is a 3- king. 
Since d(u,Wk+i) < i + 1, if d(u, w) — 3, it must happen thatd(w, w) = k + 2, 
otherwise, to) < 3. □ 

Corollary 3.4. Let k > 4 be an even integer and D a k- quasi-transitive digraph. 
If v £ V{D) is a (k + 2)-king but it is not a (k + \)-king, then there is a 
vertex u £ V(D) such that d(v, u) = k + 2 and is a 2-king. Also, the set 
S = {w E V(D): d(v,w) — k + 2} induces a semicomplete subdigraph of D. 

Proof. In virtue of Theorem 13.31 it suffices to prove that the S induces a semi- 
complete subdigraph of D, thus, a 2-king u exists in D[S] that is also a 2-king 
of D, because u E S implies that u 2-dominates every vertex in V(D) \S. 

Since v is a (fe + 2)-king but it is not a (k + l)-king, there exists a vertex w 
such that d(v,w) = k + 2. It follows from Theorem 13.31 that w is a 3-king and 
that the only vertices x E V(D) \ {w} such that d(w, x) = 3 are precisely those 
vertices in S. If \S\ = 1, then w is a 2-king of D. Otherwise, let x ^ y E 5 
be arbitrarily chosen. Hence, there is a path (u, yi, y 2 , ■ ■ ■ , j/fe+2 = y) realizing 
the distance from v to y. Lemma 12.91 implies that x — > u for every u E V(£>) 
such that u) < fc, in particular, and given the fact that k > 4, x — > yz and 
hence (x, . . . , y&+i, y) is an xy-path of length fc. The A:-quasi-transitivity 

of D implies that an arc exists between x and y. Since a; and y were arbitrarily 
chosen, f[<S] is a semicomplete digraph. Theorem 11.11 implies that a 2-king u 
exists in D[S]. □ 

Corollary 3.5. Let k > 4 be an even integer and D a k- quasi-transitive digraph 
with a unique initial strong component C . One of the following statements hold: 

1. Every vertex of C is a (k + \)-king. 

2. There are vertices u\, U2,u^ E V(C) such that u\ is a (k + l)-king of D, 
1*2 is a (k + 2)-king of D, U2 — > U\, d(u2, uq) = k + 2 and U3 is a 2-king 
in D. Also, every vertex at distance k + 2 from U2 is a 3-king. 

Proof. Lemma [L4] implies that a (k + l)-king exists in D. If u' E V(C) is not a 
(k + l)-king of D, then we can choose a (k + l)-king of D u E V(C) such that 
d(u', u) < d(u', x) for every x (k + l)-king of D. Let P — (u' , . . . , v, u) be a 
u'u-path of minimum length. We can deduce from the choice of u that v is not 
a (k + l)-king, because d(u',v) < d(u',u). But v — > u and u is a (k + l)-king, 
implying that v is a (k + 2)-king. It follows from Corollary 13.41 that a vertex w 
exists in V(C) such that d(v,w) = k + 2 and w is a 2-king. Our result is now 
proved for m = u, 112 = v and U3 = w. The last statement follows directly from 
Theorem [O □ 



9 



Let us point out that Corollary 13.51 gives us two possibilities for a fc-quasi- 
transitive digraph with even fc > A and a unique initial strong component C: 
every vertex in C ia (k + l)-king of D or there exists a 2-king in D. The 
result does not hold for k — 2, but in Q the existence of 2-kings in quasi- 
transitive digraphs was characterized. As we mentioned in the introduction, we 
can summarize the results for the existence of (k + 1), 3 and 2-kings in fc-quasi- 
transitive digraphs, for even k > 4, in Theorem 1 1.61 

Proof of Theorem \1.6l Let us assume that there is at least one vertex that is 
not a (fc + l)-king. It follows from Corollary 13.51 that a 2-king u exists in C. 
Since not every vertex of C is a (fc + l)-king, and C is strong, there must be at 
least one vertex v G V(C) such that v — > u. Clearly v is a 3-king. □ 

Theorem 3.6. Let k > 3 be an odd integer and D a k- quasi-transitive digraph. 
If v G V(D) is a (fc + 2)-king and u G V(D) is such that d(v,u) = k + 2. 
then u is a A-king of D. Moreover, if w € A(D) is such that d(u,w) = 4, then 
d(v, w) = k + 2 and w is also a A-king. 

Proof. Let v G V(D) be a (fc+2)-king and u G V(D) such that d(v, u) = fc+2. It 
follows from Lemma \2. 101 that u — > w for every w G ) such that d(v, w) < k 
is even. Hence, if d(v, w] < fc is odd, then d{u,w) < 2. Let Wk+i be a vertex 
such that W/t+i ^ u and d(v,Wk+i) = k + i, < i. Since u is a (fc + 2)-king, 
i G {1, 2}. Let P = (v, tui, . . . , Wk+i) a wwfc+i-path realizing the distance from 
u to Wk+i- By the choice of P, d(v,Wk) — k, so, Lemma 12.101 implies that 
it — > Wk-i, hence, (u, Wk-i) U (wk-iPwk+i) is a path of length z + 2 < 4. Thus, 
d(u,w) < 4 for every it) G V(D), concluding that u is a 4-king. We can also 
conclude that if d(v, w) < fc + 2, then w) < 4, proving the second statement 
of the theorem. □ 

Corollary 3.7. Let fc > 3 be an odd integer and D a fc- quasi-transitive digraph 
with a unique initial strong component C . One of the following statements hold: 

1. Every vertex of C is a (fc + l)-king. 

2. There are vertices u\,U2,u^ G V(C) such that u\ is a (fc + l)-king of D. 
i*2 is a (fc + 2) -king of D, U2 —tui, d(v,2, U3) = k + 2 and 113 is a A-king 
in D. Also, every vertex at distance fc + 2 from 112 is a A-king. 

Proof. Lemma [T75l implies that a (fc + l)-king exists in D. If u' G V(C) is not a 
(fc + l)-king of D, then we can choose a (fc -I- l)-king of D u G V(C) such that 
d(u',u) < d(u',x) for every x (k + l)-king of D. Let P = (u' , . . . ,v,u) be a 
u'w-path of minimum length. We can deduce from the choice of u that v is not 
a (fc + l)-king, because d(u',v) < d(u',u). But v — >• it and u is a (fc + l)-king, 
implying that u is a (fc + 2)-king. By the choice of v we affirm that there exists 
a vertex w G V(C) such that d(v, w) = k + 2. It follows from Theorem 13.61 that 
it; is a 4-king. Our result is now proved for u\ = it, 112 = v and 113 — w. The 
last statement follows directly from Theorem I3.6I □ 

From here, it is easy now to prove Theorem 1 1.7I 
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Proof of Theorem \1.7\ Let us assume that not every vertex of C is a (k + l)-king 
of D and there are no 3-kings in D. Let Ui,U2 and U3 be like in Corollary 13.71 
Since there are no 3-kings in D, there must be at least one vertex vx such that 
d(ii3, Vi) = 4. By Theorem l3.6[ v% is a 4-king of D. It follows from Theorem l3.6l 
that d(u2, v\) = fc + 2. Let us suppose that v\ and vi = 113 are the only vertices 
of D at distance k + 2 from U2- Let Pi = {U2 = xq, . . . ,Xk+x,Xk+2 — v\) and 
P2 = (u2 = Vo, ■ • ■ , 2/fc+i, Uk+2 = V2) be paths in D. Since v\ and V2 are 4-kings 
of D, then xu+i and yk+x are 5-kings of D. Moreover, by Theorem 13.61 v-? is the 
only vertex at distance 4 from v\ and v\ is the only vertex at distance 4 from 
V2- Hence, every vertex is at distance 4 from Xk+i (resp 2/fc+i), except perhaps 
v 2 (resp. vi). 

If Xk+i 7^ 2/fc+i and fc > 3, then by Lemma 12.101 we have i>i — > j/4, hence 
(xk+i ; «i , J/4) U (2/4P1V2) is an :rfc + ii>2-path of length fc in P. The fc-quasi- 
transitivity of P and the fact that d(v2,v\) = 4 implies that Xk+i — > «2- A 
similar argument shows that j/fc+i — >• V\. Hence, Xk+i and 2/fc+i are 4-kings of 
D. 

If Xk+i ^ Vk+i an( l fc = 3, using again Lemma 12.101 we have v\ — > j/2, hence 
( u i 5 2/2, 2/3, 2/4) is a vij/4-path of length 3. Since d(vi,V2) = 5 and D is 3-quasi- 
transitive, we have 2/4 — >■ «i. A similar argument shows that X4 — )■ «2- Again, 
X4 and J/4 are 4-kings of D. 

If Xfc+i = 2/fe+i then there are no vertices at distance 5 from Xk+i, thus it 
is a 4-king. Let us observe that d(v\,Xk+i) = 3. If d(v\,Xk+i) — 4, Theorem 
13. 61 would imply that d(u2, aifc+i) = fc + 2, a contradiction. Also x^+i) > 2 
because d(vx, V2) = 4. If Xk+i is the only vertex in D such that d(t/i, Xk+i) = 3, 
then Xfc+i , since Xk+i — > V2 , we would have that Xk+i is a 3-king, a contradiction. 
Let W3 be a vertex in Z? such that V3 ^ Xk+i and d(vi, 1)3) = 3. If d(u2, V3) < fc, 
then Lemma \2 . 101 would imply that c£(i>i, U3) < 2. Recalling that 7/2 is a (fc + 2)- 
king and using Corollary 13.71 we can conclude that d(u2,vs) = fc + 1. So, 
let P3 = (u2 = Zo, . ■ ■ , Zk+i = V3) be a path. Using Lemma 12.101 again, we 
obtain v\ — > z 2 , thence, (^1,22) U (22P3W3) is a i?i«3-path of length fc. Since 
d(«i, U3) = 3, we can conclude from the fc-quasi-transitivity of D that v 3 — > vx. 
A similar argument shows that a «2^3-path of length fc exists in D, from here, 
using that d(v2, Vx) = 4 and the fc-quasi-transitivity of D, we can conclude that 
i>3 — > V4. Therefore, V3 is a 4-king of D. 

Now, let us suppose that there are exactly three vertices v%, V2 = W3 and V3 at 
distance fc + 2 from U2- We can consider the paths P\ = (112 = xo, . . . , Xk+x — 
wx,Xk+2 = vx), P2 = (u 2 = 2/0, • ■ • ,2/fc+i = w 2 ,yk+2 = v 2 ) and P 3 = (u 2 = 
zq, . . . , Zk+i — u>3, Zk+2 — V3) in D. Again, wx,W2, W3 are 5-kings of D. Since 
there are not 3-kings in D, for each m, 1 < i < 3, there must be at least one 
vertex at distance 4. We can assume that this vertex is one of the remaining vj, 
j ^= i, otherwise, Theorem 13.61 would give us the existence of a fourth 4-king. If 
wx — W2 — W3, then wx is a 4-king, and we are done. 

By Lcmma r2.10l we have v\ — > j/4, hence (wx, Vx, 2/4) U (2/4 Pi ^2) is a tui^-path 
of length fc in D] the fc-quasi-transitivity of D implies that Wx — > V2 or V2 —> Wx- 
By analogous arguments we can prove that there are arcs between Wi and Vj for 
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First, we will assume that w\, 11)2,11)3 are pairwise distinct. Let us suppose 
without loss of generality that d{v2,v\) = 4, this implies that w\ — > 1)2- If 
wi — > V3, then wi is a 4-king. Otherwise, we can consider two cases. If i>2 — >• 11)3, 
then (wi, 1)2, W3, U3) is a path in D, hence d(w%, V3) < 4, and again, w\ is a 4-king. 
If W3 -+ V2, then (W3, V3, wi, ui) is a path in D, implying that d(w3,vi) < 4; 
hence W3 is a 4-king of D. 

IF W2 = W3, then it cannot be the case that v\ -+ W2, if so, d(v±, Vi) < 2 for 
i E {1,2}, contradicting that d{v\,Vi) = 4 for some i £ {1,2}. Hence w 2 — > v\ 
and it turns out that W2 is a 4-king of D. Cases w\ — u>2 and W3 — w\ can be 
dealt similarly. 

□ 

Proposition 3.8. Let k > 2 be an integer and D a k- quasi-transitive digraph. 
If u is a (k + l)-king of D, then every vertex at distance k + 1 from u is also a 
(k + l)-king of D. 

Proof. Let v G V(D) be such that d(u, v) = k+1 and P = (u = uq, u\, . . . , Uk+i = 
v) be a uu-path. We will prove by induction on n that d{v, w) = n < k+1 implies 
d(v, w) < k + 1. The case n = follows from Lemmas l2.ll and f2.2l Let w € V(D) 
be such that d(u, w)=n+l<k + l and let P 1 = (u = wq, w\, . . . , w n +\ = w) 
be a uw-path in D. 

The Induction Hypothesis gives us that d(v, w n ) < k+1. If d(v, w n ) < k + 1, 
then d(v, w) < k+1, because w n — ¥ w. So, we can assume that d(v, w n ) = k + 1. 

Let us suppose that d(v, w) > k+1. Since d(v, w n ) = k+1 and w n -+ w, then 
d(v,w) = k + 2. It can be deduced from Lemmas 12.11 and 12.21 that d(w,v) = 1. 
If n < k — 1, then k + 1 = d(u, v) < d(u, w) + d(w, v) = n + 2 < k + 1, resulting 
in a contradiction. Hence, n > k — 1. If n = k — 1, then w = w n +i = Wk 
and (wiP'uik) U v) is a wiv-path of length k. The /c-quasi-transitivity of D 
implies that wi ->i;ori)->toi. If w\ — > v, then (u, w\, v) is a path of length 2, 
contradicting that d(u,v) = k + 1 > 3. If t? — >■ Wi, then (w,uii) U (wiP'wk) is a 
uw-path of length fc, hence d(v, w) < k + 1. If n = k > 3, then it; = wi„ + i = Wk+i 
and (w2-P'wfc+i) U (wfe+i, w) is a W2f-path of length k. The /c-quasi-transitivity 
of D implies that hi 2 ^ u or d -> w 2 . If ie 2 ~~ ^ u > then (u, wi, W2, v) is a 
path of length 3, contradicting that d(u,v) = k + 1 > 4. If t; — > tu 2 , then 
(f, w 2 ) U (102-P'tffc+i) is a ww-path of length A;, hence w) < k + 1. If n = 
k = 2, then 13 is quasi-transitive and the path (11)2, W, v) implies that v — > W2 or 
W2 -+ v. If ?J — > u)2, then (v, W2, w) is a ww-path of length 2 < fc + 1. If W2 — > i>, 
then (wi,W2,d) is a wiu-path of length 2, the quasi-transitivity of Z3 implies 
that w\ — > f or v — s- wi . But the former case cannot occur, otherwise (u,Wi,v) 
would be a ut>-path of length 2 < k + 1. Hence v — > wi and (v, w\ , W2, w) is 
a vw-paih of length 3 — k + 1. In every case, a contradiction arises from the 
assumption that d(v, w) > k + 1, thence, d(v, w) < k + 1. □ 

4. On the minimum number of (k + l)-kings 

The main observations on the number of (k+ l)-kings in a fc-quasi-transitive 
digraph with a unique initial strong component are collected in the results of 
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this section. We divide them in two cases, even and odd values of k; as it is 
usual with fc-quasi-transitive digraphs, the results for the even case are slightly 
better than the odd case. 

Theorem 4.1. Let k > 4 be an even integer and D a k- quasi-transitive digraph 
with a unique initial strong component C such that \V(C) \ = n, then: 

1. If n < k, then the exact number of (k — \)-kings of D is n. 

2. If n = k + 1, then the exact number of k-kings of D is k + 1. 

3. If n > k + 2, then the number of (k + \)-kings of D is at least k + 2. 

Also, in the last case, the (k + l)-kings are distributed on a single path of length 
k + 1 or, if n > 3, then there are at least k + 3 (k + l)-kings. 

Proof. The proofs of the first two statements are straightforward. 

For the third, if n > k + 2, Corollary 13.51 gives us to possibilities. That 
every vertex in C is a (k + l)-king, and we are done. Or the existence of 
ui,U2,uz G V(C) such that u\ is a (k + l)4dng of D, u-i is a (k 4- 2)-king of 
D, U2 — ► iti, d{u2,uy) = k + 2 and U3 is a 2-king in D. Also, every vertex at 
distance k + 2 from U2 is a 3-king. 

For the second case, let P — (it 2 = vq, v±, . . . , v k+2 = U3) a u 2 U3-p&th. Since 
u 3 = is a 2-king, then for every vertex x G V(D) such that d(x, v k + 2 ) = n, 
x is an (n + 2)-king. Therefore, is a (k + l)4cing for every 3 < i < k + 2. 
Also, Corollary 13.51 gives us the existence of u\ such that U2 = vq — > u\ and u\ 
is a (k + l)4dng. Since vq — > ui, we have that u\ ^ for every 2 < i < k + 2. 
Hence, we have found fc + 1 different (k + l)4cings. 

If i»2 is a (fe+ l)-king, we are done. Otherwise, V2 is a (fc + 2)-king. Corollary 
13.41 implies the existence of Wk+2 G V(C) such that d(v2,Wk+2) = k + 2 and 
w k+2 is a 2-king. Let P' = (v 2 = w , Wi, . . . , w k+1 ,w k+2 ) be a v 2 w k+2 -pa,th. 
Since w^+i — > and w k+2 is a 24cing, we can conclude that w k+1 is a 34dng, 
i.e., Wfe+i and w k+2 are (fc + l)4dngs, because k > 4. Let us prove that 
and tffc+2 are (A: + l)4cings different from the previously found (k + l)-kings. 
Let us recall that d(v 2 ,Vj) < k for every 3 < j < k + 2 and d(v 2 ,w k + 2 ) > 
d(v 2l w k +i) > k. Hence, w k +i and w k+2 are different from the vertices Vj with 
3 < j < A; + 2. And, since P = (ii2 = Vo,vi,..., v k + 2 — M3) is a W2W3-path of 
minimum length, the fc-quasi-transitivity of D implies that v k — > U2, and hence, 
(v2Pv k ) U (ffe,U2,ui) is a V2Ui-walk of length A;, in other words, d{v 2 ,u\) < k. 
Thus, Wfc+i and w k + 2 are different from u\. In this case we have found k + 3 
different (/c + l)4dngs. 

For the final statement, again, if n > k + 3 and every vertex of C is a (k + 1)- 
king, there is nothing to prove. Otherwise, and assuming that v 2 is not a (k + l)- 
king, we have already proved the existence of at least k + 3 (k+ l)-kings. If v 2 is 
a (k+ l)4dng, Lemma [2~51 implies that v k+2 — ¥ Ux, hence (v 2 , U3, . . . , v k + 2 , u\) is 
a path of length k + 1 such that all its k + 2 vertices are (k + l)4dngs of D. □ 

Theorem 4.2. Let k > 5 be an odd integer and D a k- quasi-transitive digraph 
with a unique initial strong component C such that \V(C)\ ~ n, then: 
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1. If n < k, then the exact number of (fc — \)-kings of D is n. 

2. If n = k + 1, then the exact number of k-kings of D is k + 1. 

3- If n > k + 2, then the number of (fc + \)-kings of D is at least k + 2. 

Also, in the last case, the (k + l)-kings are distributed on a single path of length 
fc + 1 or, if n > 3, then there are at least k + 3 (fc + l)-kings. 

Proof. Again, the proofs of the first two statements are straightforward. 

For the third, if n > k + 2, Corollary 13.71 gives us to possibilities. That 
every vertex in C is a (fc + l)-king, and we are done. Or the existence of 
ui,ii2,U3 G V(C) such that u\ is a (k + l)-king of D, u-i is a (fc 4- 2)-king of 
D, U2 — > U\, d(u2,u^) = k + 2 and 113 is a 4-king in D. Also, every vertex at 
distance k + 2 from u-i is a 4-king. 

For the second case, let P = (U2 = Vq, i>i, • • • , v/c+2 = U3) a U2ii3-path. Since 
u 3 = Vk+2 is a 4-king, then for every vertex x € V(D) such that d(x, Vk+2) = n, 
x is an (n + 4)-king. Therefore, Vi is a (fc + 6 — i)-king, and thus, a (k + l)-king 
for every 5 < i < k + 2. Also, Corollary 13.71 gives us the existence of ui such 
that U2 = v — > u\ and u\ is a (fc + l)-king. Since vo — > tti, we have that u\ ^ vt 
for every 2 < i < k + 2. Hence, we have found k — 1 different (k + l)-kings. 

If V2, V3 and Vi are (k + l)-kings, then we have found the (k + l)-kings we 
were looking for. So we should analyze three cases: W4 is not a (k + l)-king; U4 
is a (fc + l)-king but w 3 is not; U4 and ^3 are (fc + l)-kings but w 2 is not. 

We will deal with the first case, the other two cases are very similar. If V4 is 
not a (k + l)-king, then it is a (fc + 2)-king, because v 4 — > w 5 and v 5 is a (fc + 1)- 
king. Using Corollarv l3.7l we can consider Wk+2 € V(C) such that d(v4, Wk+2) = 
fc + 2 and Wk+2 is a 4-king. Let P' = (v^ = wq, w\, . . . , Wk+i, Wfe+2) be a ViWk+2- 
path. By the choice of P' and since Wk+2 is a 4-king, we deduce that Wk+i is a 
5-king and Wk is a 6-king. But fc > 5, so, Wk, Wfc+i and are (fc + l)-kings 

because fc > 4. Besides, since P — (112 — Vq, ui, ■ • • , Wfe+2 = W3) is a path of 
minimum length, we have that d(v4,Vj) < fc — 2 for every 5 < j < fc + 2 and 
c?(f4,WA:+2) > d(u4,Wfc+i) > d(w4,Wfe) > fc — 1. Thus, the vertices Wk,Wk+i 
and Wfc+2 are different from the vertices Vj with 5 < j < fc + 2. Also, P = 
(^2 = Uo, v\, ■ ■ • , Vk+2 = u s) is a path realizing the distance from 1*2 to U3, 
hence Wfe — > U2 and {vaPv^) U (tifc,M2,wi) is a W4Wi-walk of length fc — 2, i.e., 
d(i>4,iti) < fc — 2. Hence, u^uifc+i and Wfe+2 are also different from u\ and we 
have found the fc + 2 different (fc + l)-kings. □ 

We will finalize this section improving the existing results for the num- 
ber of 3-kings in quasi-transitive digraphs. These results are implicit in Q. 
We need an additional definition and two results. Let D be a digraph with 
vertex set V{D) = {v±, . . . , v n } and Hi, . . . , H n a family of vertex disjoint 
digraphs. The composition D[Hi,...,H n ] of digraphs D and Hi,...,H n is 
the digraph having \J^ =1 V(Hi) as its vertex set and arc set U™=i^(^) u 
{(u,v).u € V(Hi),v E V(Hj), {vuVj) e A(D)}. 

In [2j, the following three results are proved. 
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Theorem 4.3. Let D be a quasi-transitive strong digraph. Then there exist a 
natural number q > 2, a strong semicomplete digraph Q on n vertices and quasi- 
transitive digraphs W\, . . . , W q , where each Wi is either a single vertex or a non- 
strong quasi-transitive digraph, such that D = Q[Wi, . . . ,W q ]. Furthermore, if 
Q has a cycle of length two induced by vertices Vi and Vj , then the corresponding 
digraphs Wi and Wj are trivial, that is, each of them has only one vertex. 

Lemma 4.4. Let D = Q[Wi, . . . , W q ] be a strong quasi-transitive digraph. 

1. A vertex u € Wi is a 3-king if and only if the vertex Vi of Q is a 3-king in 
Q. 

2. If Vi is a 3-king of Q and Wi is non-trivial, then Wi contains a vertex 
which is a 3-king but is not a 2-king. 

Theorem 4.5. If D = Q[W±, . . . , W q ] is a strong quasi-transitive digraph, then 
D has a 2-king if and only if \Wi\ = 1 for some i such that Vi is a 2-king in Q. 

The following results cover the case for k = 2, which was missing from 
Theorem E3 

Theorem 4.6. Let D be a quasi-transitive digraph with a unique initial com- 
ponent C . If there are at least four vertices in C , then there are at least four 
3-kings in D. If there are three vertices in C , then every vertex of C is a 2-king 
and if there are one or two vertices in C, every vertex of C is a 1-king. 

Proof. In virtue of Lemma |2~31 it suffices to prove the result for strong digraphs. 
Let Q be a strong semicomplete digraph with vertex set {vi, . . . ,v q }. If 2 < 
q < 4, then every vertex of Q is a 3-king. If q > 5, a well known result tells us 
that there are at least three 2-kings, and being Q strong, then there must be at 
least one other vertex dominating one of these 2-kings, hence, there are at least 
four 3-kings. The existence of four 3-kings in a quasi-transitive strong digraph 
with at least four vertices follows from Lemma 14.41 The remaining cases are 
trivial. □ 

Theorem 4.7. Let D be a quasi-transitive digraph with a unique initial com- 
ponent C . If there are no 2-kings in D, then there are at least seven 3-kings. 

Proof. Again, it suffices to prove the result for strong digraphs, so let D — 
Q[W\, . . . , Wq] be a quasi-transitive strong digraph. From the previous theorem 
we have that there are at least four 3-kings x\,xi,x^,x^ va.D. Moreover, we can 
suppose without loss of generality that X i IS cL vertex of Wi and is a 2-king 
of Q for 1 < i < 3. Since there are not 2-kings in D, Theorem 14.51 impliest that 
\Wi\ > 2 for 1 < i < 3. The existence of the additional three 3-kings follows 
from Lemma T4. 41 □ 

5. (fe + 2)-kernels in fe-quasi-transitive digraphs 

Let D = (V, A) be a digraph. A set S C V is fc-independcnt if for every 
u,v G S, d(u, v) > k; and it is /-absorbent if for every u € V \ S, there exists 
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v G S such that d(u,v) < I. We say that K C V is a (fc,Z)-kernel of -D if it 
is fc-independent and Z-absorbent. A fc-kernel is a (fc,fc — l)-kernel. In it is 
proved that for every even integer k > 2, a fc-quasi-transitive digraph always 
has a (k + 2)-kernel. Also, it is conjectured that an analogous result is valid for 
odd integers. Here, we prove that conjecture to be true. 

Theorem 5.1. Let k > 3 be an odd integer. If D is a k- quasi-transitive digraph, 
then D has a (fc + 2) -kernel. 

Proof. Observe that D is a fc-quasi-transitive digraph if and only if D is a fc- 
quasi-transitive digraph. Hence, we can consider the initial components I\ , I2, ■ ■ . , I r 
of "5. Lemma [3.21 gives us the existence of a (k + l)-king vj G V(Ij). Let us 
recall that every vetex in D must be reached from an initial strong compo- 
nent. Hence, it can be obtained by Lemma 12.31 that every vertex in *T) must be 
reached at distance less than or equal to fc+1 by a vertex in {v±, V2, ■ ■ . , v r } = K. 
Since each Vj is in a distinct initial component, it is clear that K is (fc + 2)- 
independent. Thus, K is a (fc + 2)-independent and (fc + l)-absorbent set in D, 
i.e., a (fc + 2)-kernel. □ 

We can observe that this result is as good as it gets in terms of fc-kings. Let 
fc > 2 be an integer, and D the digraph consisting of the path (vo, v\, . . . , Wfe+i), 
of length fc + 1, with two additional arcs, (vk,vo) and (vk+i,vi). It is direct to 
observe that D is a strong fc-quasi-transitive digraph without a fc-king, nonethe- 
less, {v , Vk+i} is a (fc + l)-kernel of D. It was proved in 0] that every 2-quasi- 
transitive digraph has a 3-kernel and in Q that every 3-quasi-transitive digraph 
has a 4-kernel. So the following conjecture also stated in [f| seems reasonable. 

Conjecture 5.2. Let k > 2 be an integer. Every fc- quasi-transitive digraph has 
a (fc + l)-kernel. 

If true, this would be sharp: A (fc + l)-cycle is a fc-quasi-transitive digraph 
without a fc-kernel. 
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